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Primitive operations allowed in the LOT. All valid compositions of these primitives are potential hypotheses for the model.

Functions mapping sets to truth values

(singleton? X) Returns true iff the set X has exactly one element
(doubleton? X) Returns true iff the set X has exactly two elements
(tripleton? X) Returns true iff the set X has exactly three elements
Functions on sets

(set-difference X Y) Returns the set that results from removing Y from X
(union X Y) Returns the union of sets X and Y

(intersection X Y) Returns the intersect of sets X and Y

(select X) Returns a set containing a single element from X
Logical functions

(and P Q) Returns TRUE if P and Q are both true

(or P Q) Returns TRUE if either P or Q is true

(not P) Returns TRUE iff P is false

(if PXY) Returns X iff P is true, Y otherwise

Functions on the counting routine

(next W) Returns the word after W in the counting routine
(prev W) Returns the word before W in the counting routine
(equal-word? W V) Returns TRUE if W and V are the same word
Recursion

(L S) Returns the result of evaluating the entire current lambda expression on set S

(Piantadosi et al., 2012)



(@) =_
o _

2 o

=

S ©_

O o

—

Q.

-

o < _

§ o

3

o N
o
o _
o

- One—-knower
- Two—-knower

- Four—-knower

Three—-knower

CP-knower
Others

One-knower

A S . (if (singleton? S)
“one”

undef)

Three-knower

A S . (if (singleton? S)
“one”
(if (doubleton? §)
“two”
(if (tripleton? §)
“three”

undef))

50 100 150

I | |
200 250 300

Amount of data

Two-knower

A S . (if (singleton? S)

“one”
(if (doubleton? §)
“two”
undef))
CP-knower
A S . (if (singleton? S)
“one”
(next (L (set-difference S

(select S)))))

Singular-Plural

A S . (if (singleton? S)
“one”
u,“'() n)

2-not-1-knower

A S . (if (doubleton? S)
“two”

undef)

350

Mod-5

A S . (if (or (singleton? S)
(equal-word? (L (set-difference S)

(select S))
“five™)
“one”
(next (L (set-difference S
(select 5)))))

2N-knower

A S . (if (singleton? S)
“one”

(next (next (L (set-difference S (select 5))))))
(Piantadosi et al., 2012)



D.S.: The numbers only go to million and ninety-nine.
Experimenter: What happens after million and ninety-
nine?

D.S.: You go back to zero.

E: I start all over again? So, the numbers do have an
end?

Or do the numbers go on and on?

D.S.: Well, everybody says numbers go on and on
because you start over again with million and ninety-
nine.

E: How about if I tell you that there is a number after
that?

A million one hundred.

D.S.: Well, I wish there was a million and one hundred,
but there isnt.

(Hartnett, 1991)
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(Ellis et al., 2023)



List Processing

Sum List

1 X 3) > §
(4 68 1)~ 17
Double

(12 3)—-+[(246)
(4 51) — (8 10 2)

Check Evens

(023]—[TTF)
(29 6] *[TFT)

Text Editing

Abbreviate

Allen Newell “*A.N.

Herb Simon —+H.S.

Drop Last Three

shrdlu —» shr
shakey —+ sha

Extract

ab (c) =»c
a (bee) see —» see

Regexes

Phone numbers

(555) 867-5309
(650) 555-2368

Currency

$100.25
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Dates
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¥2000/0101
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Symbolic Regression Recursive Physical Laws

Programming

a =
Filter Red a = — F.
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(Ellis et al., 2023)
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(Battaglia et al., 2013)



Collision: Ball 1 & 4

(Ullman et al., 2017)
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REVIEWS
Joshua S. Rule,"™* Joshua B. Tenenbaum,' and Steven T. Piantadosi®
Table 2. Learners and Hackers Share Similar Techniques®
Tune parameters  Adjust constants in code to optimize an objective function.
Add functions Write new procedures for the codebase, increasing its overall abilities by making new computations available for reuse.

Extract functions Move existing code into its own named procedure to centrally define an already commmon computation.

Test and debug Execute code to verify that it behaves as expected and fix problems that arise. Accumulating tests over time increases code’s trustworthiness.

Handle errors Recognize and recover from errors rather than failing before completion, thereby increasing robustness.

Profile Observe a program’s resource use as it runs to identify inefficiencies for further scrutiny.

Refactor Restructure code without changing the semantics of the computations performed (e.g.,remove dead code, reorder statements).

Add types Add code explicitly describing a program’s semantics, so syntax better reflects semantics and supports automated reasoning about behavior.
Write libraries Create a collection of related representations and procedures that serve as a toolkit for solving an entire family of problems.

Invent languages  Create new languages tuned to particular domains (e.g.,HTML, SQL, E\TEX) or approaches to problem solving (e.g.,Prolog, C, Scheme).

(Rule et al., 2020)



Table I. A Sampling of Domains Requiring Algorithmic Knowledge
Formalizable as Programs, with Motivating Examples.

Logic

Mathematics

Natural language
Sense data
Computer languages
Scientific theories
Operating procedures
Games and sports
Norms and mores
Legal codes
Religious systems
Kinship

Mundane chores
Intuitive theories
Domain theories

Art

First-order, modal, deontic logic
Number systems, geometry, calculus
Morphology, syntax, number grammars
Audio, images, video, haptics

C, Lisp, Haskell, Prolog, IXTEX
Relativity, game theory, natural selection
Robert's rules, bylaws, checklists

Go, football, 8 queens, juggling, Lego
Class systems, social cliques, taboos
Constitutions, contracts, tax law
Monastic orders, vows, rites and rituals
Genealogies, clans/moieties, family trees
Knotting ties, making beds, mowing lawns
Physics, biology, theory of mind
Cooking, lockpicking, architecture

Music, dance, origami, color spaces

Values

Fun
Hackers & children
Useful
Novel
Easy Standard
. learning
Efficient algorithms
Concise
Recent LOT
Accurate models
=
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(Rule et al., 2020)
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Probabilistic context free grammar (PCFG)
. Adaptor Grammar (AG)
Pitman-Yor Adaptor Grammar (PYAGQG)

. Combinatory Logic (CL)

. CL with routers



1. Probabilistic context free grammar (PCFQG)
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2. Adaptor Grammar (AG)



Word
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/ /%\ /\ \
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Suffix:

(Johnson et al., 2007)
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3. Combinatory Logic (CL)
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Combinatory logic

this is something else
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S

Ball 1 & 4

Singular-Plural

A S . (if (singleton? S)
“one”
“two")

2-not-1-knower

A S . (if (doubleton? S)
“two”

undef)

. A

(\w<<e‘/
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weak

OK

Info

Based on the above results, how strong do you think player%is?

very
strong

Mod-5

A S . (if (or (singleton? S)
(equal-word? (L (set-difference S)

(select S))
“five™))
“one”
(next (L (set-difference S
(select 5)))))

2N-knower

AS . (if (singleton? S)
“one”

(next (next (L (set-difference S (select 5))))))




S combinator
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(Wolfram, 2020)



https://writings.stephenwolfram.com/2020/12/combinators-a-centennial-view/

S[K[sI[s[kIs[k[sI1[k111]

If we call this plus, then let’s compute plus[1][2][s][k], where 1 and 2 are represented by

combinators:

sksIsik[s[k[sTKIMEs[s[k [sNKDIs[KM(s[sk (STKDIs[sk[sTK DIs[KMMEs](K]
K[s)s[s[k[sTKIIsKIMIs[KsK[sTKMIs[sk[sTKNsKIMIs[sK DK Ns[s[KsDKIsK S]]
S[S[K[s[K[sIKIMIs[s[k[sTIkNs[KIMIs[S[K DK Ns[s[KsIKTIs[KIM[S]K]
sK[s[k[STKIMIs[sK[sTkIs(kMisls[s(ksDTs[s[ksTKTskMIsDk]
K[s[K[sTKDs)s[sK[sTKNIskDIsTss STk NIs[sK[STKNsKISTK]
SK[STKIs[s(K[sTKIs(KDisTs[s(k[sTIKTs[s [k [sTIKTsKINSk]
K[s)s[s[[sTIKTIsKNSTKIs[sK[sDkDs[kDsTMIs s [STKTS[SK SNKDIKIMESTIK]
s[k[s[s[k[sDKDIs[kDisIMIs[sk s Ds[s[k[sTkDIS[KIMIsIIK]
K[s[s[k[sTIKIsKNSTKIs[sIk [SNKIIs[s[k [sTKNsKMISIKI
S[SK[STKNIsIKDIs)s(sk[sTKTIsISK[STKNisKMIsIKI]
SKISIKIsIsIKIsDIs[s[k[sTKTIs[SK DK NisKMIsIKI]
K[s)sIK[sIsKIsTIs[sKsTKDIs[s[k[sDKDs[KMSIKI]
sk[sTIsKsTis[s(ksTKIs[s(ksTKIskMIsIkI
K[s)s[s[k[sTIKTIs[s(kSNKNsKIMIsIKDIs[KIs)s[s[ksTKDIsISKsNKNIsKMIsIkII
s[s[K][sIis[s[k[sTkDIs[s[k[sTkIs[kMIsIkII
SK[s[sk[sTKIs[s[k[sDkIs[KMSIKISIS[sK[sTKDIs[sk[sDKIS[KTSIKII
S[S[SIK[STIKDIS[SKSTKDIS[KINISIKI

S[S[K[STIKIs]s[sIKsTIkDIs[KNSTKI]
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S[S[K[sDIs[s[k[STKDIS[KDISTIKI]

SKISIK]Is[s[K[sTIKDIs[KNSIKIT]

s[s[s[s[k[sDKTsKDsIKII
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S[s[s[s[K][S]KIII

S[S[SK[K][s[KII

sis[s[kl (Wolfram, 2020)
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What about doing multiplication? There’s a combinator for that too, and it’s actually

rather simple:

S[K[s]][K]

Here’s the computation for 3 x 2—giving 6 after 58 steps:
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Here’s a combinator for power:

S[KIs[s[KI[KII1[K]

And here’s the computation of 32 using it (which takes 116 steps):
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S COMBINATOR CHALLENGE
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ls the S combinator on its own computation universal?
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Suce : ((s ((s s) s)) K)

lHlustration by Yim Register

(Piantadosi, 2020)



background

1.

2
3
4.
o

Probabilistic context free grammar (PCFG)
. Adaptor Grammar (AG)

. Pitman-Yor Adaptor Grammar (PYAGQG)
Combinatory Logic (CL)

. CL with routers



To strike a balance between minimality and practical
usability, we make two modifications to SK combina-
tory logic: (1) we introduce higher-order combinators
to capture the intuition of routing; and (2) we place
these combinators at internal nodes.



AT . +

(a) lambda calculus

Y\
/N

(b) no variables

Replace the
variable  with I and label internal nodes of the tree

with a router (for now, one of B, C,S) depending on
whether = appeared in the right subtree, left subtree,
or both, respectively. The result is Figure 1(b). To
apply this function on an argument, we start the ar-
gument at the root of the transformed tree. The router
at each node determines to which subtrees the argu-
ment should be sent. When the argument reaches I, it
replaces 1.

One significance of the variable-free formalism is that
we have eliminated the distinction between program
and subprogram. Each subtree is now a valid stan-
dalone program, and thus a candidate for multi-task
sharing. For example, (S (B * I)I) denotes the
square function, which could be useful elsewhere.

(Liang et al., 2010)



1 7N
I -1-
X I /S\
B I
/ N
* 1

(a) lambda calculus  (b) no variables

B/\Z /}\ C/\Z /{\
/ \ < & /\ = v Y

T Y y = r vy
route right route left
e KON
<~
QT/ \y Tz oy oz I/\l' &
route left and right destination

(Liang et al., 2010)



AT . +

(a) lambda calculus

¥\
/N

(b) no variables

I

o
/CB\ \1
S
/7 \

B 1
/ \

¥ 1
(c) refactored

However, sometimes the desired unit of sharing does
not appear as a subtree. For example, functions z
z? + 1 and z — z? — 1 have identical trees except
for one leaf (which is + or —). To address this, we
can pull the + (—) leaf to the top, augmenting the
routers along the path. Figure 1(c) is the result of this
refactoring operation. The left subtree of the root now
denotes a higher-order function, which when applied
to +, produces the function = — z? + 1. Refactoring
creates new sharable modular subprograms, analogous
to how a good programmer might.



Task 1 examples: X11 = (3 2),Y11 = 2,X12 = (7,4) Y12 =4
Task 2 examples: Xo; = (3,6),Y2; = 6, X953 = (2,4),Y5, =4

ZW [z —y+1; ¥+ z]: £=—46.76
P
&R B 1
BB 1 7N\
/ N\ + C
4 — // \2
Z{l) Zél)
Z®) [z —y+1; L4 z]: £ = —42.89
/BC\
PR B I
C - /7 \
+/ \1 LI =4
/2
(& )
Zi’i) ZéB,

Z'?) [min(z,y); max(z,y)]: £ = —54.96
/CS\ /CS\
/SC\ /SC\ I
BB 1 BB 1
/ N\ / N\
if < if >
Z§2) Z§2)
Z*) [min(z,y); max(z,y)]: £ = —35.96
SS SS
7N\ 7 N\
CBC CBC >
/ N\ Z N\
BC 1 BC 1
/ \ / \
if I if I
Z§4) Z§4)

(Liang et al., 2010)



S - add(A,A)| sub(A,A)| mult(A,A)
A—-S|B
B-C|D

C — stripe | spot | segment

D-0]1|2|3
setSegment
b
B/\z o /\z
x/\y x(y(z)) x/\y <= x(z, )
route right route left
sub getSegment 2
/\
... /s\ A < X(Z, y(z)) I . <> X
Xy

route both sides identity



(a) Routers (b) Adaptor Grammar generation mechanism

VAN i N\

obj — int int — int — int \

- B 2z < x(y(z)) c 2 > x(z,y)
) / \ Y , / \ Y / int .
" : " | obj — int getSpot RERetin
route right route left @ AT oetStripe i
N getSegment 0.1.2.3
i /\ BC \ , 2, j
S V. \ « g
2 (2 ul2 ’ variation - :
/7 N\ = x(z,y(2)) » ariatio . selection
ﬁ : B S '
T Y / i
“route both sides” 4 / \ ' . )
. setSegment | B getSpot Sample int —» ant — ant \
V. /\ / \ Router CB
ey A.B.S.I
I £z v - getStripe / \
“identity” “set stick’s segments to egg’s k- B getStripe
stripes minus egg’s spots” / \ Revised guess
X

K getSegment j

(c) Worked example of bootstrapping

Initial guess
Evidence batch 1 Evidence batch 2 SC
/
BB getSpot
CB / \
/ \ - CB
B getStripe / \
/ \ B getStripe
X getSegment / \
X getSegment

“set stick’s segments to stick’s segments
times egg’s stripes”

“set stick’s segments to stick’s segments
times egg’s stripes minus egg’s spots”

(Bramley et al., 2023)



model comparison

Model fits
A8 B Construct
~ Deconstruct
_ +5,832
6,000 Combine
+4,459
20004 | B
21000 .

*713 4488
m—
PSRN
D

AGR: J xO0xy_ +(1-0)x)y._.

People

People

Task accuracy

AGR

1R=0.93

N D N ™ N ™
ot o¥ e’ o’ o? o 0¥’ ot o? o o¥oel o’ o
Model
GpReg Similarity  Multinom LinReg
R=-0.47 R =-0.18 R=0.6 R =-0.48
|8 » * « ° %
E = “ *
-‘ \ “\‘\ /‘ \
LIBLJ
* * * L
© & .0 © 2 0 © & O © & .0
¥ 0¥ 07 P o” 0 P O P O




model comparison

c Task accuracy per curriculum
Construct Deconstruct Combine Flip
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Construct Deconstruct Combine Flip
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models of computation —

/ T

Combinatory logic

this is something else

A-calculus

Turing machines

Church (gA-calculus

(A(xy 2 u) (map (A (v)
(* (power (/ (* x x) (folg
Zu(A(wa) (-wa)) o (
c) (* (* b D) <)))) |

1) (* 1 1))) y) (fola (z2vp
(A(de) (-de))) B O
(* (" 1 1) g)))) v)) (z21p
(A (h 1) (- h D))

¢’

»
<

1
4
-

‘ )

Solution to Coulomb
Law if expressed in

intial pnmitives

S

Ball 1 & 4

Singular-Plural

A S . (if (singleton? S)
“one”
“two")

2-not-1-knower

A S . (if (doubleton? S)
“two”

undef)

. A

(\w<<e‘/

C
333

&‘«\

((L‘(t‘\
t}ke’/

B -

bl lﬁ:—
weak

OK

Info

Based on the above results, how strong do you think player%is?

very
strong

Mod-5

A S . (if (or (singleton? S)
(equal-word? (L (set-difference S)

(select S))
“five™))
“one”
(next (L (set-difference S
(select 5)))))

2N-knower

AS . (if (singleton? S)
“one”

(next (next (L (set-difference S (select 5))))))
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flip(0.3)
flip(0.3)
flip(0.3)
b + c

sampling

N - O —
O O O O
—A a O O

e Turing-complete language

0,5
0,375 * random choice operator
0,25
0.1es £flip (0.5)
’ 0 1 2 3
3 nn 73—mn 0 or 1
P(n) = 0.3"0.7
T
distribution e conditioning (inference) as language

primitive
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SRR

(a)
/. Basic
Basic organism b hypothesis
Rapdpm (b) generator
variation

Proto- concepts
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o e
AR
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‘ " l \

Natural

Selection Q@O@ v farss: Z'E;S.O

(c)Tree Regrowth / N\
Surgery / : l

Random
variation

:::: \Le- )
(d)Caching .\@ /
Enriched N, o ; \ I;n[.Jroved

hypothesis . concept
generator

Natural

Selection e v

o

= .o Fitt ‘
o * itter organism
variation | / / | \\




Tree regrowth / Tree surgery h h’ | n
seSegment selection etSegment selection eSegment

variation /+\ /+\ @ /—\

getStripe getStripe getStripe

X ’
/N > /N /N
getSegment  getSpot getSegment  getSpot getSegment  getSpot
Select selection etSeamen setSegment
node |
| e int — int — int etc

setSegment / \ setSegment
X

-+
/ \ | SCISITIPE el I
' g N
TO getStripe / getSegment  getSpot / \

getStripe X getStripe

. . / - .
Varlatlon 3 getSpot Va rlatlon getSegment  getSpot

Accept
/Revert



