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(Higgins et al. 2017)

disentangled = factorised + interpretable 

(Bengio,2013)







Motivation

• useful for an agent to disentangle the structure of the world


• (useful: data efficiency, generalisation)


• how to formalise world structure?


• focus on transformation properties of the world


• transformations that leave some properties of the world state invariant are 
what give exploitable structure



Motivation

• what are the “data generative factors”


• which factors should in principle be possible to disentangle 


• should each generative factor correspond to a single or multiple latent 
dimensions


• and should a disentangled representation of a particular dataset have a 
unique basis 



Symmetry

• Intuitively, a symmetry of an object is a transformation that leaves certain 
properties of the object invariant. 


• For example, translation and rotation are symmetries of objects — an 
apple is still an apple whether it is placed on a table or in a bag, and 
whether it rolls on its side or remains upright. 


• Intuitively, we define a vector representation as disentangled, if it can be 
decomposed into a number of subspaces, each one of which is compatible 
with, and can be transformed independently by a unique symmetry 
transformation. 



Grid world

• Horizontal and vertical translations and colour changes are 
the symmetry transformations of such a world, since none of 
these transformations affect the identity of the object. 


• The set of these transformations makes up a symmetry group, 


• and the effects of these transformations on the state of the 
world are called the actions of the symmetry group on the 
world state. 
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Intuitive definition
representation

• find a mapping between the 
disentangled group action in the 
abstract state space (world state W) 
and the transformations in the vector 
space of representations (Z), so that 
the latter reflect the structure of the 
former
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Intuitive definition
disentangled representation

• A vector representation is called a disentangled representation with respect 
to a particular decomposition of a symmetry group into subgroups, if it 
decomposes into independent subspaces, where each subspace is affected 
by the action of a single subgroup, and the actions of all other subgroups 
leave the subspace unaffected.



• The vector space of such a representation would be a concatenation 
of three independent multidimensional vector subspaces, such that,


• a change in colour only affects the “colour subspace”, 


• but not the “position x” 


• and “position y” subspaces. 


• we do not require the “position x” and “position y” subspaces to 
actually align with the Cartesian coordinates. 

Application to grid world



• Note that we define disentangled representations with respect to a particular 
decomposition of a symmetry group into subgroups. This has two important 
consequences. 

Decompositions



• Intuitively, we might think that a representation of 3D rotations 
could be disentangled into rotations about the x, y and z axes. 


• However, changes in rotation around the different axes will 
affect each other, since rotations in 3D are not commutable. 


• For example, rotating the object by 90◦ first around x and then 
y will not be the same as rotating in the opposite order. 


• the resulting representation should contain a single 
subspace affected by rotations around all three axes, which 
a priori dooms the prospect of disentangling these factors. 

Decompositions



• Another consequence of defining disentangled representations with respect to a particular 
decomposition of a symmetry group is that symmetry groups may have multiple possible 
subgroup decompositions, and not all group decompositions may lead to disentangled 
representations useful for subsequent tasks. 


• For example, one of the decompositions of the symmetry group acting on our grid world 
example may be the one we have already discussed: three subgroups representing changes in 
colour, position x and position y. 


• However, for some instantiations of the group, it may also decompose into more than three 
subgroups, where each of the colour and each of the two position changes are themselves 
decomposed into multiple subgroups. 


• This is not particularly problematic, since subsequent tasks may pick out the subset of the most 
useful disentangled subspaces. 


• However, another possibility is that the group may decompose into subgroups that mix colour 
and position changes, which is clearly not desirable. This may happen because by themselves 
abstract groups often do not provide a way to identify useful group decompositions. 

Decompositions



• We believe that useful group decompositions can be discovered empirically through active perception. By acting in the 
world, agents should be able to discover which aspects of the world remain invariant under various transformations. 


• We assume that the structure of the world dictates a certain natural decomposition. 


• In our example, a decomposition into position and colour as natural. 


• A decomposition in which position and colour remain mixed is possible, but not natural. 


• One problem that a learning algorithm needs to solve is to find natural decompositions that reflect the structure of 
the world, rather than the unnatural ones. (new riddle of induction)


• In earlier approaches, it is usually assumed that natural decompositions can be found on the basis of statistical 
independence structure found in the data, which is assumed to be i.i.d. We hope that our approach lends itself better 
to an active learning approach, in which the data cannot be assumed to be i.i.d. 


• Note that the question of finding a useful group decomposition is a separate question from defining disentangled 
representations, and we leave it for future work. (is it, though?)

Decompositions





Formal definition
disentangled group action



• we want the action on Z to correspond to the action on W


• This states that the action should commute with f . 


• f can be called a G-morphism or an equivariant map. 

Formal definition
equivariant map
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W world state

generative process

inference process

Z representation



Formal definition
disentangled representation



Worked example





Formal definition
disentangled group representation



linear disentangled group representation



Backward compatibility of the definition

• Modularity - single generative factor per dimension


• yes


• Compactness - each factor in a single dimension


• not necessarily


• Explicitness - all factors linearly decodable








